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The theory of almost 3-contact manifolds was initiated by the Japanese school in the
70 (cf. [7], [9], [10]). An almost 3-contact structure on a smooth manifold M is given by
three distinct almost contact structures (1, &1, 11), (P2, E2, 12), (P3, E3,113) on M, which are
related by the following relations

Pc = Qipj =M ® & = —Pjpi + 1 ®E,
Sk = Qi) = —Pi&i, M =1nioPj=—1nj0P;

for a cyclic permutation (i, j, k) of {1,2,3}. One can prove then that the dimension of M
must be of the form 4n + 3. Moreover there exists a Riemannian metric § compatible with
each of the given almost contact structures, hence one can speak of almost 3-contact metric
manifolds.

Almost 3-contact metric manifolds, and especially some their remarkable subclasses
such as 3-Sasakian manifolds, have became subject of interest in recent years due to some
physical applications (cf. [6], [11], etc.) and, from the mathematical point of view, to
the work on this subject by Boyer, Galicki and their collaborators (cf. [1] and reference
therein).

An old question on almost 3-contact geometry is whether the 3-dimensional distri-
bution V spanned by the Reeb vector fields &1, &y, &5 is integrable (cf. [8]). This holds,
for instance, for 3-Sasakian manifolds and 3-cosymplectic manifolds, which are examples
of hyper-normal almost 3-contact manifolds, that is each structure (¢;, &;, 1;) is normal in the
sense that [¢;, ¢;] +dn; ® & = 0. Therefore one can ask whether there is some relations
between the hyper-normality of the almost 3-contact structure and integrability of V.

In this talk we illustrate the negative solution [5] of this open problem, showing an
explicit example of hyper-normal almost 3-contact manifold such that YV is not integrable
and of non-hyper-normal almost 3-contact manifolds with V integrable. Moreover, we
characterize almost 3-contact manifolds such that V is integrable, which we call foliated
almost 3-contact manifolds, proving that the integrability of V is closely related to the
property of the Reeb vector fields to be Killing.

Then we pass to study some remarkable subclasses of foliated almost 3-contact man-
ifolds, and in particular 3-quasi-Sasakian manifolds ([3], [4]) and almost 3-contact metric
manifolds with torsion ([5]). Many properties and results about these geometric structures
are presented, especially those related to the foliation V, and their relation with the their
quaternionic analogues is pointed out.

References
[1] C.P. Boyer, K. Galicki, Sasakian geometry, Oxford Science Publications, 2008.

[2] B. Cappelletti Montano, A. De Nicola, 3-Sasakian manifolds, 3-coymplectic manifolds
and Darboux theorem, J. Geom. Phys. 57 (2007), 2509-2520.



[3] B. Cappelletti Montano, A. De Nicola, G. Dileo, 3-quasi-Sasakian manifolds, Ann.
Glob. Anal. Geom., to appear (DOI: 10.1007/s10455-007-9093-5).

[4] B. Cappelletti Montano, A. De Nicola, G. Dileo, The geometry of a 3-quasi-Sasakian
manifold, submitted.

[5] B. Cappelletti Montano, 3-structures with torsion, submitted.

[6] G. W. Gibbons, P. Rychenkova, Cones, tri-Sasakian structures and superconformal in-
variante, Phys. Lett. B 443 (1998), 138-142.

[7]1 Y. Y. Kuo, On almost contact 3-structure, Tohoku Math. J. 22 (1970), 325-332.

[8] Y.Y.Kuo,S. Tachibana, On the distribution appeared in contact 3-structure, Taita J. Math.
2 (1970),17-24

[9] S. Tachibana, W. N. Yu, On a Riemannian space admitting more than one Sasakian
structure, Tohoku Math. J. 22 (1970), 536-540.

[10] S. Tanno, On the isometry of Sasakian manifolds, J. Math. Soc. Japan 22 (1970), 579-590.
[11] H. Yee, AdS/CFT with tri-Sasakian manifolds, Nuclear Phys. B. 774 (2007), 232-255.



